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Abstract
We describe the Morita–Mumford classes on the hyperelliptic mapping class group of genus g  2,
and prove a slightly weakened version of Akita’s conjectures in the hyperelliptic case. The proof
involves the notion of Weierstrass points.
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Introduction
Let Σg be a connected closed oriented 2-dimensionalC∞-manifold of genus g  2. The
mapping class groupMg is the path-component group of the topological group Diff+(Σg)
consisting of all the orientation-preserving diffeomorphisms of Σg . The manifold Σg can
be regarded as a compactification of the complex plane curve {(z,w) ∈ C2;w2 = f (z)},
where f (z) is a polynomial of degree 2g + 2 (or 2g + 1) with no multiple roots. The
involution of Σg given by (z,w) → (z,−w) is called the hyperelliptic involution, which
we denote by ι. The hyperelliptic mapping class group ∆g is, by definition, the centralizer
of the hyperelliptic involution ι:
∆g :=
{
ψ ∈Mg; ιψι−1 =ψ
}
.
As is known,M2 =∆2, andMg =∆g , if g  3. The rational cohomology of the group
∆g is trivial:
H ∗(∆g;Q)= 0 for any ∗> 0
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[6,12]. Its torsion cohomology, however, is very far from trivial. This is illustrated by
notable works by homotopy theorists including Cohen [2,6,7]. It should be remarked that
the cohomology group H ∗(∆g; k) with coefficients in any field k has been computed by
Bödigheimer et al. [4].
The present paper is a sequel of the author’s ones [11–13] on the hyperelliptic mapping
class group ∆g . Our purpose in this paper is to describe the mth Morita–Mumford class on
the hyperelliptic mapping class group ∆g
em ∈H 2m(∆g;Z)
for any m 0, and to prove a slightly weakened version of Akita’s conjectures [1] in the
hyperelliptic case.
We determine whether the modp reduction of the mth Morita–Mumford class on the
hyperelliptic mapping class group ∆g vanishes or not for any m and any prime number p.
Following Akita [1] we denote it by e(p)m ∈H 2m(∆g;Z/p).
Theorem A.
(1) If p divides 2− 2g, then e(p)m = 0 for any m 0.
(2) If p does not divide (2g+ 1)g(g+ 1), then e(p)m = 0 for any m 1.
(3) If p does not divide (2g+ 1)(2− 2g) and divides g(g+ 1), then e(p)2n−1 = 0 and e(p)2n
is not nilpotent in H ∗(∆g;Z/p) for any n 1.
(4) Suppose p does not divide 2 − 2g and divides 2g + 1. Let c be the order of −2 in
the multiplicative group (Z/p)×. If m ≡ −1 (modc), then e(p)m is not nilpotent in
H ∗(∆g;Z/p). If m≡−1 (mod c), then e(p)m = 0.
The proof will be given in Section 6. To prove the non-vanishing we make use of some
examples computed by Uemura [19].
In [1] Akita has given three fascinating conjectures related to Morita–Mumford classes
on the whole mapping class groupMg . Let p be an odd prime. His conjectures are:
(1) e(2)m = 0 ∈H ∗(Mg;Z/2) for all m 0.
(2) If m≡−1 (modp− 1), then e(p)m = 0 ∈H ∗(Mg;Z/p).
(3) For any n 1,
num
(
B2n
2n
)
e2n−1 = (−1)n−1den
(
B2n
2n
)
s2n−1 ∈H 4n−2(Mg;Z).
Here em and sm ∈H 2m(Mg;Z) are the mth Morita–Mumford class and the mth Newton
class on the whole mapping class group Mg , respectively. B2n is the 2nth Bernoulli
number. It should be remarked our convention of sign is different from the one in
Akita [1] and Morita [16], where (−1)msm is called the Newton class instead. The
third conjecture implies the second one because of a theorem of Clausen–von Staudt:
den(B2n) =∏(p−1)|2n p. With rational coefficients it is deduced from the Grothendieck
Riemann–Roch formula. For more details, see [1].
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On the hyperelliptic mapping class group ∆g the first and the second conjectures are
derived from Theorem A. In Section 5 we prove a slightly weakened version of the third
conjecture in the hyperelliptic case:
Theorem B. For any n 1,
num(B2n)e2n−1 = (−1)n−12nden(B2n)s2n−1 ∈H 4n−2(∆g;Z).
In Section 1 we recall the definition of the Morita–Mumford classes and the Newton classes
on the whole mapping class group Mg , and describe the Newton classes in terms of
Weierstrass gap sequences. This yields an explicit description of 4s2n−1 on the hyperelliptic
mapping class group ∆g (Theorem 5.2). Moreover we give a fixed-point formula of
Newton classes for (not necessarily hyperelliptic) finite surface symmetries (Theorem 1.1).
Theorem B follows from the explicit description of 4s2n−1 and Voronoi’s congru-
ence (5.1). Making use of the congruence, Akita and the author have already proved a
similarly weakened version of the third conjecture restricted to any finite subgroup ofMg
which acts on the surface in a semi-free way. The proof will be given in the forthcoming
paper.
1. Morita–Mumford classes, Newton classes and gap sequences
We recall the definitions of the Morita–Mumford classes and the Newton classes on the
mapping class groupMg , and describe the Newton classes in terms of gap sequences.
The orientation-preserving diffeomorphism group Diff+(Σg) of the manifold Σg acts
on the space consisting of all the orientation-preserving complex structures J+(Σg) on Σg
in an obvious way. The Teichmüller space Tg of genus g is, by definition, the quotient
space by the action of the identity component Diff0(Σg) of the group Diff+(Σg):
Tg := J+(Σg)/Diff0(Σg).
Thus the mapping class groupMg =Diff+(Σg)/Diff0(Σg) acts on the Teichmüller space
Tg in a natural way. In [8] Earle and Eells established that the quotient map J+(Σg)→ Tg
is a principal Diff0(Σg)-bundle. As is known, the space J+(Σg) and the Teichmüller
space Tg are both contractible. These facts imply that the identity component Diff0(Σg)
is also contractible. Hence we obtain the homotopy equivalence BMg = B Diff+(Σg).
This means the integral cohomology ring of the mapping class group Mg of genus g
is isomorphic to the ring of all the integral characteristic classes of continuous families
of compact Riemann surfaces of genus g. In other words, we may define an integral
cohomology class on the mapping class group Mg as an integral characteristic class of
continuous families of compact Riemann surfaces of genus g.
Let π :X→ B be an oriented fiber bundle with fiber Σg , whose structure group is in
the diffeomorphism group Diff+(Σg). Then the vector bundle TX/B over X consisting
of all the tangent vectors along the fibers is an oriented R2-bundle, which we call the
relative tangent bundle. From the facts quoted above there exists a fiberwise orientation-
preserving complex structure on π , or equivalently, an almost complex structure on TX/B ,
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which is unique up to homotopy. It should be remarked that any almost complex structure
on a 2-dimensional C∞-manifold is integrable. Therefore we may regard π :X→ B as a
continuous family of compact Riemann surfaces of genus g. We denote by e = e(X) the
first Chern class of the relative tangent bundle TX/B :
e= e(X) := c1(TX/B) ∈H 2(X;Z).
The mth Morita–Mumford class em(X) of the family X is defined to be the Gysin image
of the (m+ 1)st power of the cohomology class e= c1(TX/B):
em(X) := π!
(
em+1
)= π!(c1(TX/B)m+1) ∈H 2m(B;Z)
[16,17]. Here we denote by π! the Gysin map H 2m+2(X;Z)→ H 2m(B;Z) of the fiber
bundle π :X→B . This defines a cohomology class em ∈H 2m(Mg;Z), which we call the
mth Morita–Mumford class on the mapping class groupMg .
The holomorphic 1-forms on each fiber π−1(t), t ∈ B , form a g-dimensional complex
vector bundle
Λ=ΛX/B :=
∐
t∈B
H 0
(
π−1(t); Oπ−1(t)
(
T ∗π−1(t)
)) (1.1)
overB , which is usually called the Hodge bundle associated to the family π :X→B . Here
we denote by T ∗π−1(t) the holomorphic cotangent bundle of each fiber π−1(t), and by
Oπ−1(t)(T ∗π−1(t))=Ω1π−1(t) the sheaf of germs of holomorphic 1-forms on the Riemann
surface π−1(t). If π is a holomorphic family of compact Riemann surfaces, then it is equal
to a direct image π∗ωX/B of the dualizing sheaf ωX/B . By construction the homotopy
type of the complex vector bundle ΛX/B over B depends only on the topological type
of the continuous fiber bundle π :X→ B . Therefore the mth Newton class, which is the
characteristic class corresponds to the symmetric polynomial
∑
j Xj
m
, of the complex
vector bundle ΛX/B is well-defined, so that the cohomology class sm(Λ) ∈H 2m(Mg;Z)
is defined. Throughout the present paper we call it simply the mth Newton class of the
mapping class groupMg , and denote it by sm. Our convention of sign is different from
that in Akita [1] and Morita [16], where sm(Λ) = (−1)msm is called the Newton class
instead.
If we study only the rational cohomology, we have no need to consider the Newton
classes. In fact, we have s2n = 0 ∈H ∗(Mg;Q), and
e2n−1 = (−1)n−1 2n
B2n
s2n−1 ∈H 4n−2(Mg;Q), (1.2)
[16,17]. The latter is deduced from the Grothendieck Riemann–Roch formula.
As was pointed out by Mumford [17], the cohomology of the moduli space of compact
Riemann surfaces is closely related to the notion of gap sequences. We briefly review gap
sequences in the context of continuous families of compact Riemann surfaces.
Let C be a compact Riemann surface of genus g  2, L a holomorphic line bundle
over C, x ∈ C a point, and n a non-negative integer. The set consisting of all germs of
holomorphic sections at x with order  n + 1 is a complex linear subspace of OC(L)x
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of codimension n+ 1. The quotient vector space is denoted by J n(L)x , and is called the
(holomorphic) n-jet space of L at x . By definition, the n-jet homomorphism
jnx :H
0(C;OC(L))→ J n(L)x
maps any holomorphic section to its n-jet at x , i.e., its equivalent class in J n(L)x .
Recall deg(T ∗C) = 〈c1(T ∗C), [C]〉 = 2g − 2. So there is no non-zero holomor-
phic 1-form ω defined on the whole C satisfying ordx ω  2g − 1. This means the
(2g − 2)nd jet homomorphism j2g−2x :H 0(C;OC(T ∗C)) → J 2g−2(T ∗C)x is injective
for any point x ∈ C. For a generic point x ∈ C the (g − 1)st jet homomorphism
j
g−1
x :H
0(C;OC(T ∗C))→ J g−1(T ∗C)x is an isomorphism. A point x is called Weier-
strass if jg−1x is not an isomorphism. Moreover there exist exactly g integers (1 =) ν1 <
ν2 < · · · < νg ( 2g − 1) and g holomorphic 1-forms θi on C, 1  i  g, such that the
order of θi at x is equal to νi − 1. The set ν = {ν1, ν2, . . . , νg} is called the gap sequence of
the point x on C. Clearly the gap sequence of a non-Weierstrass point is ν0 := {1,2, . . . , g}.
See, for example, [9, §6.6].
Let π :X→ B be a continuous family of compact Riemann surfaces of genus g  2.
For each point x ∈ X, consider the n-jet space J n(T ∗π−1(π(x)))x of the holomorphic
cotangent bundle of the fiber π−1(π(x)). It is easy to see that
J nX/B
(
T ∗X/B
) :=∐
x∈X
J n
(
T ∗π−1
(
π(x)
))
x
forms a (n + 1)-dimensional complex vector bundle over X. The nth fiberwise jet
homomorphism jn :π∗ΛX/B → J nX/B(T ∗X/B) is defined in an obvious way, which is a
homomorphism of complex vector bundles over X. The (2g − 2)nd jet homomorphism
j2g−2 :π∗ΛX/B → J 2g−2X/B (T ∗X/B) is injective. We have a natural extension of complex
vector bundles
0 → T ∗X/B
⊗
(n+1) → J nX/B
(
T ∗X/B
)→ J n−1X/B (T ∗X/B)→ 0.
Hence the total Chern class of the n-jet bundle is given by
c∗
(
J nX/B
(
T ∗X/B
))= n+1∏
k=1
c∗
(
T ∗X/B
⊗
k)= n+1∏
k=1
(1− ke). (1.3)
Let W =WX/B ⊂X be the locus of Weierstrass points on the family X :W =WX/B :=
{x ∈ X; x is a Weierstrass point in π−1(π(x))}. Moreover, for a set of g integers ν =
{ν1, ν2, . . . , νg}, 1 = ν1 < ν2 < · · ·< νg  2g− 1, we define
Wν =WνX/B :=
{
x ∈X; ν is the gap sequence of the pointx on π−1(π(x))}.
Especially, if ν = ν0, we have Wν0 =X−W . From the definition of gap sequences the jet
homomorphism j2g−2 :π∗ΛX/B → J 2g−2X/B (T ∗X/B) induces an isomorphism of continuous
vector bundles
π∗ΛX/B |Wν ∼=
g⊕
i=1
(
T ∗X/B
)⊗νi |Wν .
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Hence we have π∗c∗(Λ)|Wν =∏gi=1(1− νie)|Wν ∈H ∗(Wν ;Z), and so
(
π∗sm
)∣∣
Wν
= (−1)m
(
g∑
i=1
νi
m
)
(e|Wν )m ∈H 2m
(
Wν ;Z) (1.4)
for any m  0. In the case where ν = ν0 = {1,2, . . . , g} there exists a cohomology class
t˜m ∈H 2m(X,X−W ;Z) such that
sm
(
π∗Λ
)− (−1)m( g∑
k=1
km
)
em = t˜m ∈H 2m(X;Z). (1.5)
In general, the space WX/B may have highly complicated singularities, while WX/B
admits a fiberwise tubular neighborhood if the family π is a hyperelliptic fibration, or if it
is induced by finite surface symmetries. In these cases we have the Thom isomorphism
H ∗(X,X−W)∼=H ∗−2(W ;Z). (1.6)
The main purpose of this paper is to study the universal hyperelliptic fibration. The
rest of this section, however, is devoted to discussing (not necessarily hyperelliptic) finite
surface symmetries.
Suppose a finite group G acts on a compact Riemann surface C in a holomorphic and
faithful way. Then we can consider a continuous family of compact Riemann surfaces
π :CG →BG over the classifying space BG of the group G defined by CG =EG×G C.
Here EG→BG is the universal principal G-bundle.
We denote by Gx the isotropy subgroup at a point x ∈ C. We define S := {x ∈
C;Gx = {1}}, which is a G-stable finite subset of C. Let {x1, x2, . . . , xl} ⊂ C be a
complete system of representatives of the quotient S/G. For any j, 1  j  l, we define
Rj := EG ×G (G · xj ) ⊂ CG, and write simply Gj := Gxj . Clearly Rj = BGj . Let
ν1j < ν2j < · · ·< νgj be the gap sequence of the point xj . Then:
Theorem 1.1. For any m 1, we have
(−1)m.(G/Gj)sm(ΛCG/BG)=
(
g∑
i=1
νij
m
)
corGGj
(
(e|Rj )m
)
,
(−1)m(2− 2g)sm(ΛCG/BG)=
l∑
j=1
(
g∑
i=1
νij
m
)
corGGj
(
(e|Rj )m
)
.
Proof. The set consisting of all the Weierstrass points is also a G-stable finite subset of C.
Let {xl+1, xl+2, . . . , xp} ⊂ C be a complete system of representatives with respect to the
action of G on the Weierstrass points whose isotropy groups are trivial. We introduce Rj ,
Gj and ν1j < ν2j < · · ·< νgj for l + 1 j  p in a similar way. Then Rj is contractible,
since Gj is trivial.
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Let Uj ∈ H 2(CG;Z) be the image of the Thom class of Rj in H 2(CG,CG − Rj ;Z),
1  j  p. From (1.5) and (1.6) there exist cohomology classes tj,m ∈ H 2m−2(Rj ;Z),
1 j  p, satisfying
(−1)mπ∗sm =
(
g∑
k=1
km
)
em +
p∑
j=1
tj,mUj ∈H 2m(CG;Z).
Restricting it to Rj , we have(
g∑
i=1
νij
m
)
(e|Rj )m =
(
g∑
k=1
km
)
(e|Rj )m + tj,m(e|Rj ) ∈H 2m(Rj ;Z).
Hence
(−1)mUjπ∗sm =
(
g∑
k=1
km
)
(e|Rj )mUj + tj,m(e|Rj )Uj =
(
g∑
i=1
νij
m
)
(e|Rj )mUj .
Applying the Gysin map π! to it, we have
(−1)m.(G/Gj)sm =
(
g∑
i=1
νij
m
)
corGGj
(
(e|Rj )m
)
,
as was to be shown. (See, for example, [14, pp. 376–377].)
The Riemann–Hurwitz formula implies
l∑
j=1
.(G/Gj)≡ 2− 2g (mod .G).
Hence the second formula follows from the first ones. This completes the proof. ✷
When m 2, we obtain
tj,m =
(
g∑
i=1
νij
m −
g∑
k=1
km
)
(e|Rj )m−1,
since Gj is a cyclic group and (e|Rj ) ∈ H 2(Gj ;Z) is a generator. If l + 1  j , then
(e|Rj )m−1 ∈H 2m−2(Rj ;Z)= 0. Hence we have
(−1)mπ∗sm =
(
g∑
k=1
km
)
em +
l∑
j=1
(
g∑
i=1
νij
m −
g∑
k=1
km
)
(e|Rj )m−1Uj . (1.7)
2. Characteristic classes of S2-bundles
We review characteristic classes of oriented S2-bundles. As was shown by Smale [18],
the rotation group SO(3) is a deformation retract of the diffeomorphism group Diff+(S2).
Hence we have
B Diff+
(
S2
)= BSO(3).
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Thus we may consider the first Pontrjagin class p1 and the Euler class χ of any oriented S2-
bundle. Let 1 :P = PSO(3) =ESO(3)×SO(3) S2 → B = BSO(3) be the universal oriented
S2-bundle, e ∈ H 2(P ;Z) the Euler class of the relative tangent bundle TP/B . Then we
have:
Lemma 2.1.
e2 =1 ∗p1 ∈H 4(P ;Z).
Proof. Since S2 = SO(3)/SO(2), we have P  BSO(2) and the projection 1 :P → B is
equivalent to the map induced by the standard inclusion SO(2) ↪→ SO(3). Furthermore the
standard action of SO(3) on S2 induces a faithful and transitive action of SO(3) on the unit
tangent bundle of S2. Hence the relative tangent bundle TP/B is equal to the universal R2-
bundle over BSO(2). Therefore, if ξSO(3) is the universalR3-bundle over BSO(3), then we
have 1 ∗ξSO(3) = TP/B ⊕R. Since we may regard TP/B as a complex line bundle over P ,
we obtain
1 ∗p1 = p1(TP/B ⊕R)= p1(TP/B)=−c2
(
TP/B ⊕ TP/B
)= e2,
as was to be shown. ✷
As a consequence of this lemma, we obtain:
Corollary 2.2. The Morita–Mumford classes of the universal oriented S2-bundle
1 :PSO(3)→BSO(3)
is given by
em(PSO(3))=1!
(
em+1
)= {0, if m is odd,2p1m/2, if m is even,
for any m 0. Here p1 ∈H 4(BSO(3);Z) is the first Pontrjagin class.
As is known, the universal covering of SO(3) is the Lie group SU(2).
Lemma 2.3. Let B be a connected space, and let 1 :P → B be an oriented S2-bundle.
Then the followings are equivalent to each other.
(a) The structure group of the bundle P can be reduced to SU(2).
(b) The Euler class χ(P ) vanishes: χ(P )= 0 ∈H 3(B;Z).
(c) There exists a complex line bundle L over the total space P , such that 1!(c1(L)) ∈
H 0(B;Z)= Z is an odd integer.
Proof. An extension of coefficients 0 → Z→ Z→ Z/2 → 0 induces an isomorphism
β :H 2(BSO(3);Z/2)∼=H 3(BSO(3);Z), which maps the second Stiefel–Whitney class to
the Euler class. This means that the condition (a) is equivalent to (b). The equivalence
of the conditions (b) and (c) follows from the Gysin sequence of the S2-bundle
H 2(P ;Z) 1!→H 0(B;Z) ∪χ→H 3(B;Z). ✷
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In the present paper we call such an oriented S2-bundle of even type.
Finally we consider the universal S2-bundle 1 :PSU(2) = ESU(2) ×SU(2) S2 →
BSU(2). If we consider U(1) as a subgroup of SU(2) by the homomorphism
z ∈U(1) →
(
z 0
0 z¯
)
∈ SU(2), (2.1)
then we have S2 = SU(2)/U(1), and so PSU(2) = BU(1)  CP∞. Let y0 ∈ H 2(PSU(2);
Z)∼= Z be the generator satisfying 1!(y0)= 1 ∈H 0(BSU(2);Z), and L0 the complex line
bundle over PSU(2) corresponding to y0 ∈H 2(PSU(2);Z). We have
2y0 = c1(TPSU(2)/BSU(2)) ∈H 2(PSU(2);Z), (2.2)
since the Gysin map 1! :H 2(PSU(2);Z)→H 0(BSU(2);Z) is an isomorphism.
If c2 ∈ H 4(BSU(2);Z) is the second Chern class of the universal SU(2)-bundle, then
(2.1) implies 1 ∗c2 = c1(L0)c1(L0)=−y02. Hence we have
y0
2 =−1 ∗c2 ∈H 4(PSU(2);Z). (2.3)
3. Hyperelliptic Riemann surfaces
In this section we construct the universal family of hyperelliptic Riemann surfaces over
the classifying space B∆g of the hyperelliptic mapping class group ∆g , π :X∆g →B∆g .
In general, let π :Y → Z be a continuous family of compact Riemann surfaces of
genus g. Suppose a discrete group Γ acts on the family π :Y → Z. More precisely, the
group Γ acts on Y and Z continuously such that π is Γ -equivariant and γ :π−1(t)→
π−1(γ t) is biholomorphic for each γ ∈ Γ and t ∈ Z. Assume Z is connected and
simply connected. Then, for any t1, t2 ∈ Z, the diffeomorphism f t2t1 :π−1(t2)→ π−1(t1)
given by parallel translation is uniquely determined up to isotopy. Clearly f γ t2γ t1 and
γf
t2
t1 γ
−1 :π−1(γ t2)→ π−1(γ t1) are isotopic to each other.
Choose a basepoint b ∈ Z and an identification π−1(b) ∼= Σg . Then the holonomy
homomorphism h :Γ →Mg of the Γ -action is defined by h(γ ) := f γbb ◦ (γ |π−1(b)). The
conjugacy class of the homomorphism h does not depend on the choice of a basepoint and
an identification.
Let EΓ → BΓ be the universal principal Γ -bundle. Define YΓ := (EΓ × Y )/Γ and
ZΓ := (EΓ ×Z)/Γ . Here the groupΓ acts diagonally onEΓ ×Y andEΓ ×Z. π induces
a continuous family of compact Riemann surfaces πΓ :YΓ → ZΓ . We have π1(ZΓ )= Γ ,
since Z is simply connected. The holonomy homomorphism of the surface bundle πΓ [16,
p. 553] is equal to h :Γ →Mg .
Roughly speaking, the hyperelliptic Riemann surfaces are parametrized by the configu-
ration space of the Riemann sphere P1. For a positive integer n and a Riemann surface C,
the configuration space FnC is defined by
FnC :=
{
(z1, z2, . . . , zn) ∈ Cn; zi = zj (i = j)
}
.
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The quotient space of the configuration space of the Riemann sphere P1 by the diagonal
action of the group PGL2(C) of linear fractional transformations
H ′g := F2g+2P1/PGL2(C)
is equal to the moduli space of hyperelliptic Riemann surfaces of genus g with a labelling
of the Weierstrass points. Let Zg be the universal covering space of H ′g . We denote by
1g :Pg → Zg the pullback of the complex analytic family of ordered (2g + 2)-pointed
Riemann spheres, (F2g+2P1 × P1)/PGL2(C)→H ′g . Then a group, which is an extension
of the symmetric group S2g+2 by the fundamental group π1(H ′g), acts on the family
1g :Pg → Zg in an obvious way, and the holonomy homomorphism of the action gives
an isomorphism of the extended group onto the mapping class group of the unordered
(2g+2)-pointed sphere, Γ 2g+20 . Thus it turns out that the group Γ 2g+20 acts on the complex
analytic family 1g :Pg →Zg .
The family 1g :Pg → Zg admits canonical 2g + 2 analytic sections. The space Zg is
contractible, sinceH ′g ∼= F2g−1(P1−{0,1,∞}) is aspherical. Hence there exists a fiberwise
double branched covering space Φg :Yg → Pg branched along the 2g + 2 sections. The
analytic map
πg :Yg → Zg
defined to be the composite of 1g :Yg → Pg and Φg :Pg → Zg is the complex analytic
family of hyperelliptic Riemann surfaces of genus g. A group, which is an extension
of Γ 2g+20 by {±1}, acts on the family πg :Yg → Zg in a natural way. The holonomy
homomorphism gives an isomorphism of the extended group onto the hyperelliptic
mapping class group ∆g . Hence ∆g acts on the family πg :Yg → Zg .
We may replace B∆g by (Zg)∆g , since Zg is contractible. We define the universal
continuous family of hyperelliptic Riemann surfaces
π :X∆g → B∆g
by X∆g := (Yg)∆g and π := (πg)∆g , whose holonomy homomorphism is conjugate to the
inclusion ∆g ↪→Mg . Especially we have
em(X∆g)= em ∈H ∗(B∆g;Z)=H ∗(∆g;Z).
The universal family of pointed Riemann spheres 1 :P∆g → B∆g is defined by
1 := (1g)∆g and P∆g := (Pg)∆g . This is an oriented S2-bundle over the classifying
space B∆g . The covering Φg :Yg → Pg induces a fiberwise double branched covering
Φ :X∆g → P∆g .
Let C be a hyperelliptic Riemann surface of genus g. It is a compactification of the
complex plane curve {(z,w) ∈C2;w2 = f (z)} for some polynomial f (z) of degree 2g+2.
As is well known, the 1-forms zi dz/w, 0 i  g − 1, provide a basis of the vector space
H 1(C;OC(T ∗C)), so that the canonical map associated to the holomorphic cotangent
bundle T ∗C
ΦT ∗C :C→ Pg−1, x →
[
(dz/w)x :
(
z1 dz/w
)
x
: · · · : (zg−1 dz/w)
x
]
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coincides with the composite of the double covering C→ P1 given by (z,w) → z and the
Veronese embedding P1 → Pg−1, [z : 1] → [1 : z : · · · : zg−1]. If L is the Hopf line bundle
over Pg−1, the pullback ΦT ∗C∗L is naturally isomorphic to the cotangent bundle T ∗C.
Such a construction can be applied to the universal family π :X∆g → B∆g (see,
for example, [11]). We denote by Λ = Λ∆g the Hodge bundle ΛX∆g/B∆g , and by
1 :P(Λ∆g
∗)→ B∆g the fiber bundle on B∆g with fiber Pg−1 defined by projectifying
the dual of the vector bundle Λ∆g . The fiberwise canonical map
ΦK :X∆g → P
(
Λ∆g
∗)
decomposes itself into the double cover Φ and the fiberwise Veronese embedding of P∆g
into P(Λ∆g∗). We define a complex line bundle L∆g on P∆g by restricting the dual of
the fiberwise Hopf bundle on P(Λ∆g∗) to the Veronese image of P∆g . Then we have
Φ∗(L∆g)= T ∗X∆g/B∆g . (3.1)
From the naturality of Gysin maps we obtain em(X∆g) = π!(c1(TX∆g/B∆g )m+1) = 2 ·
1!(c1(L∆g∗)m+1), and so
em(X∆g)= (−1)m+12 ·1!
(
c1(L∆g)
m+1) ∈H 2m(B∆g;Z). (3.2)
Especially we have
1!
(
c1(L∆g)
)= g − 1 ∈H 0(B∆g;Z). (3.3)
Now we consider the locus W = W∆g = WX∆g/B∆g of Weierstrass points in the
family of hyperelliptic curves X = X∆g . It coincides with the ramified locus of the
covering Φ . The projection π :X∆g → B∆g gives a (2g + 2)-fold unramified covering
map π |W :W → B∆g . If we denote the fundamental group of the locus W by ∆′g , then
the subgroup ∆′g of ∆g is of index 2g + 2, and the space W is an aspherical space:
W = B∆′g . The subgroup ∆′g is equal to the inverse image of the (2g + 1)st symmetric
group S2g+1 ⊂ S2g+2 by the surjective homomorphism of ∆g onto the (2g + 2)nd
symmetric groupS2g+2 defined by permutation of the Weierstrass points.
In our case the Weierstrass locus W admits a fiberwise tubular neighborhood so that we
have natural isomorphisms
H ∗(X,X−W ;Z) ∼= H ∗(TX/B |W, (TX/B − zero section)|W ;Z)
∼= H ∗−2(W ;Z). (3.4)
The right one is the Thom isomorphism associated to the complex line bundle TX/B |W .
We denote by U ∈H 2(X;Z) the image of the Thom class of the bundle TX/B |W . Then we
obtain a long exact sequence
· · · → Hq−2(W ;Z)∪U→Hq(X;Z)
→Hq(X−W ;Z)→Hq−1(W ;Z)→·· · (exact). (3.5)
Since U |W = e|W ∈H 2(W ;Z), we have
π!
(
em−kUk
)= cor∆g
∆′g
(
(e|W)m−1
) ∈H ∗(B∆g;Z)=H ∗(∆g;Z) (3.6)
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for any 0 < k  m. Here cor∆g
∆′g
:H ∗(∆′g;Z) → H ∗(∆g;Z) is the transfer map. For
generalities of transfer maps see [5]. See also [14, §2].
The double branched cover Φ induces an isomorphism of complex line bundles
TX/B |X−W =Φ∗TP/B |X−W . Hence, if we denote
eP :=Φ∗c1(TP/B) ∈H 2(X∆g;Z),
then we have e − eP = aU for some a ∈ Z. Applying the Gysin map to this relation, we
have 2− 2g− 4= a(2g+ 2) ∈H 0(B)= Z, so that a =−1. Hence we obtain
e+U = eP ∈H 2(X∆g;Z). (3.7)
4. Morita–Mumford classes
In this section we give two kinds of descriptions of the Morita–Mumford classes on the
hyperelliptic mapping class group ∆g .
One description follows computations of Miller [15] and Morita [16].
Proposition 4.1. For any n 0, we have
e2n = 4p1n +
(
1− 22n+1) cor∆g
∆′g
(
(e|W)2n
) ∈H 4n(∆g;Z),
e2n−1 =
(
1− 22n) cor∆g
∆′g
(
(e|W)2n−1
) ∈H 4n−2(∆g;Z).
Here p1 = p1(P∆g) ∈H 4(∆g;Z) is the Pontrjagin class of the S2-bundle P∆g .
Proof. From (3.7) and the naturality of the Gysin maps
2em(P∆g)= π!
(
eP
m+1)= π!((e+U)m+1)= em + (2m+1 − 1) cor∆g∆′g ((e|W)m).
As was shown in Corollary 2.2, e2n−1(P∆g)= 0 and e2n(P∆g)= 2p1(P∆g)n. ✷
The other involves with the line bundle L∆g over P∆g introduced in Section 3.
Theorem 4.2. For any m 0 the mth Morita–Mumford class em ∈H 2m(∆g;Z) is given
by
(2− 2g)
[m/2]∑
j=0
(
m+ 1
2j + 1
)(
(g − 1)/2)2j (2s1)m−2jp1j , if g is odd,
(2− 2g)
[m/2]∑
j=0
(
m+ 1
2j + 1
)
(g − 1)2j (2s1)m−2j
(−ĉ2)j , if g is even.
Here s1 = s1(Λ∆g)= c1(Λ∆g) ∈H 2(∆g;Z) is the first Newton class, and, in the case g
is even, ĉ2 ∈H 4(∆g;Z) is the second Chern class of the S2-bundle P∆g of even type.
In both cases 2− 2g divides any of the Morita–Mumford classes on ∆g .
All the computations in the rest of this paper are based on
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Lemma 4.3.
H 2(∆g;Z)=
{
Z/2(2g+ 1), if g is even,
Z/4(2g+ 1), if g is odd.
This lemma follows from the presentation of the group ∆g given by Birman–Hilden [3]
together with the fact H 2(∆g;Q)= 0 [6,12].
Now suppose the genus g is odd. Define
h := (g − 1)/2.
Recall the Gysin sequence of the oriented S2-bundle 1 :P∆g →B∆g
0 →H 2(B∆g;Z)1
∗→H 2(P∆g;Z) 1!→H 0(B∆g;Z).
Then (3.3) implies that there exists a unique cohomology class u ∈H 2(∆g;Z) such that
c1(L∆g)= hc1(TP∆g/B∆g )−1 ∗u ∈H 2(P∆g;Z). (4.1)
Lemma 4.4.
(1) s1 =−gu ∈H 2(∆g;Z).
(2) (2g+ 1)s1 and u− 2s1 are both nontrivial 4-torsion elements in H 2(∆g;Z).
Proof. Let V be a 2-dimensional complex vector space, on which SU(2) acts as a maximal
compact group of SL(V ). The mth symmetric product SmV is of complex dimensionm+1
for any non-negative integerm. If m= 2n is even, then the action of SU(2) on S2nV factors
through the rotation group SO(3)= SU(2)/{±1}, and so we may consider a complex vector
bundle over BSO(3) with fiber S2nV , which we denote also by S2nV .
We may regard the universal S2-bundle 1 : PSO(3)→ BSO(3) as a continuous family of
complex projective lines by making use of the standard metric on S2. So the holomorphic
n-tensors on each fiber 1−1(t) forms a (2n+ 1)-dimensional complex vector bundle over
BSO(3):
π∗
(
(TPSO(3)/BSO(3))
⊗n) := ∐
t∈BSO(3)
H 0
(
1−1(t);O1−1(t)
((
T1−1(t)
)⊗n))
,
which is naturally isomorphic to the vector bundle S2nV . Therefore we have an
isomorphism of vector bundles over B∆g
Λ∆g =1∗
(
T ∗X∆g/B∆g
)=1∗(L∆g)∼= S2hV ⊗L(−u).
Here L(−u) is a continuous vector bundle over B∆g corresponding to −u ∈H 2(B∆g;Z).
Clearly we have c1(S2nV )= 0 ∈H 2(BSO(3);Z)= 0. Hence we obtain
s1 = c1(Λ∆g)= c1
(
S2nV
)− gu=−gu,
as was to be shown.
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From Lemma 4.3 the cohomology class (2g + 1)s1 and u − 2s1 = (2g + 1)u are
4-torsion. To prove 2(2g + 1)s1 and 2(u − 2s1) = 0, it suffices to construct a group
homomorphism ϕ0 :Z/2 → ∆g satisfying ϕ0∗s1 = 0 ∈ H 2(Z/2;Z) ∼= Z/2. In fact,
ϕ0∗u = 0 because g is odd, and so ϕ0∗(u − 2s1) = 0, while the unique nontrivial
homomorphism of Z/4(2g+ 1) onto Z/2 maps all the 2-torsions to zero.
Consider the hyperelliptic involution ι ∈ ∆g . This induces a group homomorphism
ϕ0 :Z/2 →∆g . As is known, ι∗θ =−θ for any holomorphic 1-form θ on any hyperelliptic
Riemann surface. If we denote by u0 the unique generator ofH 2(Z/2;Z)∼= Z/2, we obtain
ϕ0∗s1 = gu0 = u0 = 0. This completes the proof. ✷
Proof of Theorem 4.2 in the odd genus case. From (3.2), Lemma 2.1 and Corollary 2.2
we have
em = em(X∆g)= (−1)m+12 ·1!
(
c1(L∆g)
m+1)
= 2 ·1!
((
1 ∗u− hc1(TP∆g/B∆g )
)m+1)
= −2
[m/2]∑
j=0
(
m+ 1
2j + 1
)
1!
(
(1 ∗u)m−2jh2j+1
(
c1(TP∆g/B∆g )
)2j+1)
= −4
[m/2]∑
j=0
(
m+ 1
2j + 1
)
um−2jh2j+1p1(P∆g)j
= (2− 2g)
[m/2]∑
j=0
(
m+ 1
2j + 1
)
um−2jh2jp1(P∆g)j .
Now 4 divides 2−2g. Therefore we may replace u by 2s1 from Lemma 4.4. This completes
the proof for the case g is odd. ✷
Next we consider the case where the genus g is even. Then 1!(L∆g) = g − 1 is odd,
so that there exists a bundle map ψ :P∆g → PSU(2) by Lemma 2.3. We introduce a
cohomology class y on P∆g defined by
y :=ψ∗y0 ∈H 2(P∆g;Z).
Here y0 ∈ H 2(PSU(2);Z) ∼= Z is the generator satisfying 1!(y0) = 1 ∈ H 0(BSU(2);Z)
as in Section 2. From the Gysin sequence of 1 :P∆g → B∆g there exists a unique
cohomology class u ∈H 2(∆g;Z) such that
c1(L∆g)= (g − 1)y −1 ∗u ∈H 2(P∆g;Z). (4.2)
Lemma 4.5.
(1) s1 =−gu ∈H 2(∆g;Z).
(2) (2g+ 1)s1 = 2(u− 2s1)= 0 ∈H 2(∆g;Z).
Proof. Let V be a 2-dimensional complex vector space, on which SU(2) acts as a maximal
compact group of SL(V ). We may consider a complex vector bundle over BSU(2) with
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fiber the symmetric product SmV , which we denote also by SmV . In a similar way to
Lemma 4.4 we obtain
s1 = c1(Λ∆g)= c1
(
Sg−1V
)− gu=−gu.
From Lemma 4.3 we have 2(u − 2s1) = 2(2g + 1)u = 0. Now g is even. So 2(2g + 1)
divides (2g+ 1)g. Hence (2g+ 1)s1 = 0. This completes the proof. ✷
Proof of Theorem 4.2 in the even genus case. From (2.3) follows y2 =−1 ∗ĉ2. By (3.2)
we have
em = em(X∆g)= (−1)m+12 ·1!
(
c1(L∆g)
m+1)
= 2 ·1!
((
1 ∗u− (g − 1)y)m+1)
= −2
[m/2]∑
j=0
(
m+ 1
2j + 1
)
1!
((
1 ∗u
)m−2j
(g − 1)2j+1y2j+1)
= −2
[m/2]∑
j=0
(
m+ 1
2j + 1
)
um−2j (g− 1)2j+1(−ĉ2)j
= (2− 2g)
[m/2]∑
j=0
(
m+ 1
2j + 1
)
um−2j (g − 1)2j(−ĉ2)j .
Here we may replace u by 2s1 from Lemma 4.5. This completes the proof for the case g is
even. ✷
5. Akita’s conjectures
In this section we compute the cohomology class 4s2n−1(Λ∆g) ∈ H 4n−2(∆g;Z)
explicitly to prove Theorem B stated in Introduction:
num(B2n)e2n−1 = (−1)n−12nden(B2n)s2n−1 ∈H 4n−2(∆g;Z).
Our proof is based on Voronoi’s congruence (cf., e.g., [20, Chapter IX] or [10]):
(
β2n − 1)num(B2n)≡ (−1)n−12nβ2n−1 den(B2n)m−1∑
k=1
k2n−1
[
kβ
m
]
(mod m). (5.1)
Here m and β ∈ Z are coprime positive integers.
In order to start the computation we need
Lemma 5.1.
(2g+ 1) cor∆g
∆′g
(
(e|W)2n−1
)= 0 ∈H ∗(∆g;Z).
Proof. There exist cohomology classes u ∈H 2(B∆g;Z) and v ∈H 4(B∆g;Z) such that
(U + u)2 = v ∈H 4(X∆g;Z).
378 N. Kawazumi / Topology and its Applications 125 (2002) 363–383
In fact, in the case the genus g is odd, we have e = −heP + u ∈ H 2(X∆g;Z) for some
u ∈H 2(B∆g;Z) from (4.1). Here h := (g−1)/2. This together with (3.7) impliesU+u=
(h + 1)eP . From Lemma 2.1 (U + u)2 = (h + 1)2eP 2 = (h + 1)2p1 ∈ H 4(X∆g;Z).
In the case the genus g is even, we have e = −(g − 1)Φ∗y + u ∈ H 2(X∆g;Z) for
some u ∈ H 2(B∆g;Z) from (4.2). This together with e + U = eP = 2Φ∗y implies
U + u = (g + 1)Φ∗y . From (2.3) we have (U + u)2 = (g + 1)2Φ∗y2 = −(g + 1)2ĉ2 ∈
π∗H 4(B∆g;Z).
We have 4(2g+ 1)u= 0 by Lemma 4.3. So we obtain
(2g+ 1) cor∆g
∆′g
(e|W) = (2g+ 1)π!
(
U2
)=−(2g+ 1)2π!(Uu)
= −2(2g+ 1)(2g+ 2)u= 0 ∈H 2(∆g;Z).
Moreover
(2g+ 1)U4 =−6(2g+ 1)u2U2 − (2g+ 1)(u4 − v2), and
(2g+ 1)U2n =−6(2g+ 1)u2U2n−2 − (2g+ 1)(u4 − v2)U2n−4
for any n 3. Hence (2g+ 1) cor∆g
∆′g (e|W)3 =−6(2g+ 1)u2 cor
∆g
∆′g (e|W)= 0 and
(2g+ 1) cor∆g
∆′g
(e|W)2n−1 = −6(2g+ 1)u2 cor∆g∆′g (e|W)
2n−3
− (2g+ 1)(u4 − v2) cor∆g
∆′g
(e|W)2n−5.
Consequently the lemma is deduced inductively on n. This completes the proof. ✷
Theorem 5.2. For any n 1,
4s2n−1(Λ∆g)=−22n+1
( 2g∑
k=1
k2n−1
[
2k
2g+ 1
])
cor
∆g
∆′g (e|W)
2n−1 ∈H ∗(∆g;Z).
Proof. We write simply Ag,n :=∑gk=1 k2n−1 and Cg,n :=∑1k2g−1,k: odd k2n−1. Then
we have 22nAg,n ≡ 2∑1k2g,k: even k2n−1 ≡−2Cg,n (mod 2g+ 1), since
2
2g∑
k=1
k2n−1 ≡
2g∑
k=1
(
k2n−1 + (−k)2n−1)≡ 0 (mod 2g + 1).
Moreover we have
22nAg,n − 2Cg,n ≡ 22n+1Ag,n ≡ 22n+1Ag,n − 22n+1
2g∑
k=1
k2n−1
≡ −22n+1
2g∑
k=1
k2n−1
[
2k
2g+ 1
]
(mod 2g+ 1).
Now, from (1.5) and (3.4), we have π∗s2n−1(Λ) + Ag,ne2n−1 = tnU ∈ H 4n−2(X∆g;Z)
for some tn ∈H 4n−4(W ;Z). Since U2 = eU ∈H 4(X∆g;Z), we obtain
0 = tnU(U − e)= (U − e)π∗s2n−1(Λ)+Ag,ne2n−1U −Ag,ne2n.
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This together with Proposition 4.1 implies
4gs2n−1(Λ) = π!(U − e)s2n−1(Λ)=−Ag,n
(
cor
∆g
∆′g
(
(e|W)2n−1
)− e2n−1)
= −22nAg,n cor∆g∆′g
(
(e|W)2n−1
)
.
As is known, the gap sequence of each Weierstrass point on hyperelliptic Riemann surfaces
is 1,3,5, . . . ,2g − 1. See, for example, [9, §6.6, p. 219]. In terms of Section 1 this means
W∆g =W {1,3,5,...,2g−1}. Hence we have(
π∗s2n−1(Λ)
)∣∣
W
=−Cg,n(e|W)2n−1 ∈H 4n−2
(
∆′g;Z
)
, and so
(2g+ 2)s2n−1(Λ)=−Cg,n cor∆g∆′g
(
(e|W)2n−1
) ∈H 4n−2(∆g;Z).
Consequently we have
4s2n−1(Λ) = (4g+ 4− 4g)s2n−1(Λ)
= (22nAg,n− 2Cg,n) cor∆g∆′g ((e|W)2n−1)
= −22n+1
( 2g∑
k=1
k2n−1
[
2k
2g+ 1
])
cor
∆g
∆′g
(
(e|W)2n−1
)
.
The last equality follows from Lemma 5.1. This completes the proof. ✷
Proof of Theorem B. From Theorem 5.2 and Voronoi’s congruence (5.1) for m= 2g+ 1
and β = 2 we obtain
(−1)n−12nden(B2n)s2n−1
= (−1)n−1n(den(B2n)/2)4s2n−1(Λ∆g)
=−
(
(−1)n−1n(den(B2n)/2)22n+1 2g∑
k=1
k2n−1
[
2k
2g+ 1
])
cor
∆g
∆′g
(e|W)2n−1
=−
(
(−1)n−12n22n−1 den(B2n)
2g∑
k=1
k2n−1
[
2k
2g + 1
])
cor
∆g
∆′g (e|W)
2n−1
=−(22n − 1)num(B2n)cor∆g∆′g (e|W)2n−1
= num(B2n)e2n−1.
This completes the proof of Theorem B. ✷
6. modp Morita–Mumford classes
This section is devoted to the proof of Theorem A stated in Introduction.
Theorem 4.2 implies that 2 − 2g divides em ∈ H 2m(∆g;Z) for any m  0. So clearly
the assertion (1) of Theorem A holds true.
The odd Morita–Mumford classes are much simpler than the even ones.
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Theorem 6.1. The order of the odd Morita–Mumford class e2n−1 in the cohomology group
H 4n−2(∆g;Z) is equal to that of 22n − 1 in the group Z/(2g + 1).
In order to prove the theorem we need:
Lemma 6.2. There exists a group homomorphism ϕ1 :Z/(2g + 1)→ ∆g such that the
order of ϕ1∗ cor∆g∆′g ((e|W)
m) ∈ H 2m(Z/(2g + 1);Z) ∼= Z/(2g + 1) is just 2g + 1 for any
m 1.
Proof. Consider the compactification C of the complex plane curve{
(z,w) ∈C2; w2 = z(z2g+1 − 1)}.
The compact Riemann surface C is a hyperelliptic Riemann surface of genus g. The (2g+
1)st root of unity ζ := exp( 2π√−12g+1 ) defines an automorphism of C by (z,w) → (ζ 2z, ζw).
It induces a group homomorphism ϕ1 :Z/(2g + 1)→ ∆g . Define G = Z/(2g + 1) and
let G act on C by this action. The Borel construction π :CG := EG ×G C → BG is
a continuous family of hyperelliptic Riemann surfaces. If we denote by S the set of
the Weierstrass points on C, the locus of Weierstrass points WCG/BG is equal to SG =
EG×G S ⊂ CG. We have
ϕ1
∗ cor∆g
∆′g
(
(e|W)m
)= (π |SG)!((e|SG)m).
The set S decomposes itself into one Z/(2g + 1)-free orbit and a single fixed point
(z,w) = (0,0). Hence the Gysin homomorphism (π |SG)! :H ∗(SG;Z)→ H ∗(BG;Z) is
an isomorphism for ∗ > 0. On the other hand, the first Chern class of the complex line
bundle over BG induced by the tangent space at (0,0), T(0,0)C, is a generator of the ring
H ∗(G;Z). Consequently ϕ1∗ cor∆g∆′g ((e|W)m) is a generator of H 2m(G;Z), and so is of
order 2g + 1, as was to be shown. ✷
Proof of Theorem 6.1. From Lemma 5.1 and Lemma 6.2, the order of the class
cor
∆g
∆′g
((e|W)2n−1) in H 4n−2(∆g;Z) is just 2g + 1. On the other hand, we have e2n−1 =
(1−22n) cor∆g
∆′g ((e|W)2n−1) ∈H 4n−2(∆g;Z) by Proposition 4.1. Consequently the order of
e2n−1 in H 4n−2(∆g;Z) is equal to that of 22n− 1 in the group Z/(2g+ 1). This completes
the proof. ✷
The order of the even Morita–Mumford classes are estimated as follows.
Lemma 6.3. For any n 1, we have
8g(g + 1)(2g+ 1)e2n = 0, if g is even,
g(g + 1)(2g+ 1)e2n = 0, if g is odd,
in H 4n(∆g;Z).
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Proof. Let ∆′′g ⊂ ∆g be the inverse image of S2g−1 ⊂ S2g+2 by the surjective
homomorphism ∆g →S2g+2 defined by permutation of the Weierstrass points.
Since a linear fractional transformation of CP 1 fixing 3 distinct points is trivial, an
oriented S2-bundle which admits 3 mutually disjoint (single-valued) sections is trivial.
Thus the pullback of the S2-bundle P∆g over B∆′′g by the inclusion ∆′′g ↪→ ∆g is a
trivial S2-bundle, so that p1|∆′′g = 0 ∈ H 4(∆′′g;Z). Since the index [∆g : ∆′′g] is equal to
2g(2g+ 1)(2g+ 2), we obtain
2g(2g+ 1)(2g+ 2)p1 = 0 ∈H 4(∆g;Z). (6.1)
Suppose g is even. Lemma 4.3 implies 2(2g+ 1)s1 = 0. Hence, from Theorem 4.2, we
have
(2g+ 1)e2n = (2g+ 1)(2− 2g)(g− 1)2n
(−ĉ2)n.
On the other hand, we have p1 =−4ĉ2 in H 4(BSU(2);Z). Hence
8g(g+ 1)(2g+ 1)e2n = 2g(2g+ 2)(2g+ 1)(1− g)(g − 1)2n4
(−ĉ2)n = 0.
In the case g is odd. Similarly we have
g(g + 1)(2g+ 1)e2n = g(g + 1)(2g+ 1)(2− 2g)
(
(g− 1)/2)2np12n
= −2g(2g+ 2)(2g+ 1)((g − 1)/2)2n+1p12n = 0
from Theorem 4.2 and Lemma 4.3. This completes the proof. ✷
As a corollary of Lemma 6.3, we obtain the assertion (2) of Theorem A.
If p does not divide 2g + 1, then e(p)2n−1 = 0 from Theorem 6.1. Therefore, in order to
prove the assertion (3) of Theorem A, it suffices to show
Lemma 6.4.
(1) There exists a group homomorphism ϕ2 :Z/4g → ∆g such that, for any n  1,
ϕ2∗e2n ∈ H 4n(Z/4g;Z) ∼= Z/4g is of order 2g (respectively g), if g is even
(respectively odd ).
(2) There exists a group homomorphism ϕ3 :Z/(2g + 2) → ∆g such that, for any
n 1, ϕ3∗e2n ∈H 4n(Z/(2g + 2);Z)∼= Z/(2g + 2) is of order g + 1 (respectively
(g + 1)/2), if g is even (respectively odd ).
Proof. (1) In [19, Example 5.1], Uemura studied the hyperelliptic Riemann surface C′
defined as the compactification of the complex plane curve{
(z,w) ∈C2; w2 = z(z2g − 1)}.
The 4gth root of unity ζ ′ := exp(2π√−1/(4g)) defines an automorphism of C′ by
(z,w) → (ζ ′2z, ζ ′w). It induces a group homomorphism ϕ2 :Z/4g→∆g . As was proved
by Uemura [19] loc. cit.,
ϕ2
∗e2n = (2+ 2g)u′2n ∈H 4n(Z/4g;Z)∼= Z/4g.
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Here u′ ∈ H 2(Z/4g;Z) is the first Chern class of the complex line bundle over
B(Z/4g) induced by the 1-dimensionalZ/4g-module defined by multiplication by ζ ′. The
cohomology class u′ is a generator of the ring H ∗(Z/4g;Z). Therefore ϕ2∗e2n is of order
2g (respectively g), if g is even (respectively odd), as was to be shown.
(2) In order to prove (2) we consider the compactificationC′′ of the complex plane curve{
(z,w) ∈C2;w2 = z2g+2 − 1},
on which the cyclic group Z/(2g+ 2) acts by (z,w) → (ζ ′′z,w). Here ζ ′′ is the primitive
(2g + 2)nd root of unity ζ ′′ := exp(2π√−1/(2g + 2)). This action defines a group
homomorphism ϕ3 :Z/(2g + 2)→ ∆g . In terms of the first Chern class u′′ of the line
bundle over B(Z/(2g + 2)) induced by the 1-dimensional Z/(2g + 2)-module defined by
multiplication by ζ ′′, the even Morita–Mumford class e2n is given by
ϕ3
∗e2n = 4u′′2n ∈H 4n
(
Z/(2g+ 2);Z)∼= Z/(2g + 2)
from a fixed-point formula established by Uemura and the author [14]. (See also [19].)
The order of this cohomology class is equal to g + 1 (respectively (g + 1)/2), if g is even
(respectively odd).
This completes the proof. ✷
Finally we consider the case where p divides 2g+ 1.
Recall [∆g :∆′g] = 2g+ 2. So we have
(2g+ 2)e2n(P∆g) = cor∆g∆′g res
∆g
∆′g
(
e2n(P∆g)
)= cor∆g
∆′g
(
2(eP |W)2n
)
= 22n+1 cor∆g
∆′g
(
(e|W)2n
) ∈H 4n(∆g;Z)
from Lemma 2.1 and Corollary 2.2. This together with Proposition 4.1 implies
(2g+ 2)e2n =
(
22n+2 + (2g+ 2)(1− 22n+1)) cor∆g
∆′g
(
(e|W)2n
)
∈ H 4n(∆g;Z) (6.2)
for any n 1. If a prime number p divides 2g+ 1, we have
e
(p)
m =
(
1− (−2)m+1) cor∆g
∆′g
(
(e|W)m
) ∈H 2m(∆g;Z/p)
for any m 1. The cohomology class cor∆g
∆′g ((e|W)m) is not nilpotent in H 2m(∆g;Z/p)
from Lemma 6.2. Thus we obtain Theorem A(4). This completes the proof of the whole of
Theorem A.
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